Relation of Interfacial Shear Stress to the
Wave Height for Concurrent Air-Water Flow
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Waves at an interface between a concurrent air-water flow cause an increase in the inter-
facial stress. This increase in stress is correlated with the root-mean-square displacement of
the liquid from its average height. The data are compared with Nikuradse’s measurements

with sand roughness.

Air flowing over a liquid surface
generates waves, and these waves are
responsible for a larger surface shear
stress than would exist if the interface
were smooth. A review of measure-
ments of the interfacial stress in natural
bodies of water and in water channels
is presented by Ursell (14) and by
Hicks and Whittenbury (8). Interest
in two-phase flow problems encoun-
tered in engineering practice (4, 9)
has prompted recent measurements of
the interfacial stress for the concurrent
flow of air and a liquid film (2, 5, 7,
12). Measurements of velocity profiles
have shown that the velocity varies ap-
proximately as the logarithm of the
distance from the surface as has been
found for flows over roughened solid
surfaces (5). Therefore it has been
convenient to characterize the surface
structure by comparing measurements
of velocity profiles and surface stresses
for water surfaces with those for rough-
ened solid surfaces. Nikuradse meas-
ured the pressure drop in circular pipes
covered on the inside as closely as pos-
sible with sand of a definite grain size
glued to the wall. He found that three
regimes could be defined depending on
the size of the sand roughness k,. For
very small k, the roughness had no ef-
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Such surfaces are called hydraulically
smooth. When the k, is large enough
that the viscosity of the fluid does af-
fect the surface stress, the surface is
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In the transition regime both the sur-
face roughness and the fluid viscosity
k,u*
are important (5 == 70) .
Yy
Other roughened surfaces show these
same regimes; however the functional-
ity between the surface stress and the
roughness size k and the limits of the
three regimes can be quite different
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from those obtained by Nikuradse in
his sand roughness experiments. Never-
theless the roughness of other surfaces
has been characterized by comparing
surface shear stress measurements in
the completely rough regime with those
of Nikuradse and by defining an equiv-
alent sand roughness. This equivalent
sand roughness can be quite different
from the actual size of the roughness
elements (13). Therefore the definition
of equivalent sand roughness for gas
liquid interfaces is completely arbi-
trary and might bear little relation to
the actual wave structure. This is es-
pecially true if the comparison with
Nikuradse’s data is made in the inter-
mediate range. The problem is further
complicated by the fact that unlike
solid surfaces the interfacial structure
can change with the flow rate of the
gas. This paper presents the results of
experiments performed to find the rela-
tion between the equivalent sand
roughness k, and the actual interfacial
structure. This interfacial structure
will be characterized by the root-mean-
square displacement of the interface
from the average liquid height. The
double of this root-mean-square dis-
placement would be a measure of the
height of the waves from crest to
trough. Some preliminary measure-
ments are also presented on the effect
of flow variables on the root-mean-
square displacement. The measure-
ments were made for the concurrent
flow of air and a thin water film in an
enclosed channel. The system differs
from that encountered in meteorologi-
cal studies in that the structure of the
interface depends on the height of the
film and that the range of wave heights
and air velocities are much smaller.
Nevertheless since the small scale wave
structure on large bodies of water is
believed to be playing an important
role in affecting the shear stress, the
results presented in this paper might
be helpful in understanding the sur-
face stress data obtained in meteoro-
logical studies.
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THEORY

Nikuradse’s velocity profile measure-
ments for roughened surfaces may be
described in terms of the dimensionless

*

groups ;u;, —I;y:-, and ::, by

u y
— =5.75log— + B 1
< =5T5log -+ (1)

where the quantity B is a function of
k,u*/v,. For the hydraulically smooth
region Nikuradse’s data gave

u*k,
B =155+ 575log (2)
Yy
2 —575lg L 155 (8)
u vy

If Equation (1) is subtracted from
Equation (3) and the difference is de-
noted by A{u/u®), there results

k,u*

Vg

~B
(4)

A plot of B as a function of k, u*/v,
is given by Schlichting (13) in Figure
20.20 of his book. Nikuradse’s meas-
urements showed that the quantity

u
A (——;) is a function of k, u*/v, for
u

the sand roughened surfaces with
which he carried out his measurements,
and the functionality is given by Equa-
tion (4).

The height term used to characterize
the interfacial roughness in this paper
is defined as

A(l‘_) — 5.5+ 5.75 log
u

2ah = 2 \/ (h— h)*

As a first approximation the measured
velocity profiles over interfaces will be
correlated with an equation analogous
to Equation (4). Measured values of

u 0]
A (—ﬁ) are correlated as a function
u

of 2A R u*/v.
If it is assumed that the only influ-
ence that gas flow has upon the surface
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- Fig. 3. Interfacial displacement data.

Fig. 1. Velocity profile measurements.

structure is through the friction veloc-
ity u®, then the following functionality
might be assumed:

Ak = (h, g u®, v, o) (5)
The liquid velocity is not used, since

for the systems studied it is fixed for

given values of u*, A, and v. If v and &
were not important, then

h
/(%)
u
For very large depths such as are en-

countered in natural bodies of water h
would not be an important variable,
and

gak

#2

(6)

u

gak

u#z

= constant (7)
Ellison (3), in discussing Hay’s (6)
measurements over a completely rough
sea, showed that equivalent sand
roughness measurements could be cor-
related by an equation analogous to

Equation (7):

the pressure drop. Velocity profile data
were obtained with an impact tube at a
location far enough along the channel
such that the velocity profile was fully
developed and that there were no noticea-
ble changes in interfacial structure in the
direction of flow. The film height was
measured by passing a small chopped
beam of light through the channel and the
liquid film on to a photomultiglier tube.
By dissolving methylene blue dye in the
water the liquid could be made to absorb
an appreciable amount of light. Variations
in the thickness of the liquid film then
resulted in variations in the intensity of
the light impinging on the photomultiplier
tube. The output from the photomultiplier
tube was amplified and demodulated. The
resulting signal was recorded on a Visci-
corder, and the root-mean-square value of
the a.c. component of the signal was
measured with a random signal voltmeter.
Details of the technique and of the equip-
ment in which measurements were made
and a discussion of experimental errors are
given in a thesis by one of the authors
(10) and in another paper (1I).

TREATMENT OF DATA

metrical as reported in a previous
paper (5). The maximum in the veloc-
ity profile was displaced away from the
roughened surface. By locating the
maximum the shear stress at the dry
channel surface and at the interface
could be calculated with the pressure-
drop measurement and the measure-
ment of the average film height:

(8)

(9)

Velocity data for one of the runs are
presented in Figure 1 plotted as u/u®
vs. yu®/v,, where y may be the dis-
tance from the top of the channel or
the distance from the interface and the
values of u® are based on either r, or
.. The top portions of the velocity pro-
files were representative of the smooth
channel velocity measurements, while
the bottom portions were displaced
downward from and were approxi-
mately parallel with the top portions.

gk, 0,08 Measured velocity profiles over a The quantity A(u/u®) was measured
u* roughened liquid surface were unsym- as indicated in Figure 1. Although
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Fig. 2. Water film height as a function of time.
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Fig. 4. Relation of Au/u* to surface roughness.
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TaBLE 1. SuMMARY OF EXPERIMENTAL CONDITIONS

b = 0.0850 ft.

g

= 176 — 1.82 X 10 sq. ft./sec.
v = 092 — 1.04 X 107 sq. ft./sec.

Run .

desig- h, AR, u®,, u*,,

nation Nre Nk, 10* x ft. 10° x ft. ft./sec. ft./sec. Au/u®
A® 239 4,700 8.42 0.910 0.714 0.684 1.17
B 227 8,420 6.19 0.925 1.285 1.179 2,18
C 394 4,350 15.8 1.05 0.709 0.691 0.67
D 550 4,930 16.7 1.38 0.889 0.866 0.59
E 530 7,420 134 1.61 1.313 1.197 2.34
F 516 10,560 9.42 1.62 1.820 1.561 4.21
G 581 7,300 11.25 1.61 1.329 1.160 3.38
H 240 12,280 3.17 0.80 1.866 1.661 3.20

#* Two-dimensional waves.

there appeared to be a small variation
in the slope of the velocity profile data
from different runs when plotted in the
form presented in Figure 1, a line of
slope 5.75 appeared satisfactorily to
represent all of the data at yu*/v, >
30 within the limits of experimental
error. The smooth channel data showed
a variation with Reynolds number of
the constant B appearing in Equation
(1) similar to that reported by Corco-
ran and Sage (1).

RESULTS

One of the runs (A) was made with
an interface having two-dimensional
waves (5). All the other runs were
with three-dimensional waves (5). A
plot of film height vs. time for the
three-dimensional waves is shown in
Figure 2. The height used in this paper
to characterize the interfacial rough-
ness 2AR’ is indicated in the figure.
These are measurements of the film
height at a fixed position in the chan-
nel. Since the wave lengths are of the
magnitude of 0.20 in., the surface
structure at any given time would ex-
hibit approximately the same height
distribution; however the surface slopes
would be much less than indicated in
Figure 2. The time axis should be
stretched out about sevenfold to give
a representation of the interfacial
structure. The ratio of root-mean-square
displacement to the average height
AW /h varied for the runs reported from
0.067 to 0.253. A summary of the ex-
perimental conditions is presented in
Table 1. The measurements of AR’ are
plotted in Figure 3. The plot of gak’/
u** vs. gh/u”® brings the data for dif-
ferent liquid Reynolds numbers to-
gether on a single line. However data
were obtained over too small a range
of variables to determine the effect of
v and o, and the fact that these two
fluid properties do not appear in the
plot in Figure 3 does not necessarily
imply that they do not play an im-
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portant role in determining AR, How-
ever the data do show a marked de-
pendence of AR’ on the average film

height h. It is interesting to compare
the values of gah’/u* in Figure 3 with
the value of gk./u** = 2.28 obtained
from Hay’s measurements over an
open sea.

The values of A(u/u*) determined
from the velocity profiles are plotted
against 2AW 4*/v in Figure 4 along
with the line for Nikuradse’s sand
roughness data calculated from Equa-
tion {4). The wave roughness meas-
urements behave similarly to the sand
roughness measurements of Nikuradse
and appear to be in the intermediate
roughness range as defined by his data.
The spread of the data would indicate
that the effect of interfacial roughness
on the shear stress is not uniquely de-
fined by the parameter 2 AR u®/v,.
However with the exception of two of
the measurements shown on Figure 4
the interfacial roughness parameter
24k appears to be of the same magni-
tude as k.
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NOTATION

a = distance from the maximum
in the velocity profile to the
interface

b = height of the channel

B = function plotted in Figure

20.20 of Schlichting’s book

g = acceleration of gravity

h = instantaneous height of the
liquid film

h = time average height of the
liquid

AR = [(h— h)e]”

k = size of a roughness element

k, = size of a Nikuradse sand

roughness
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Nz, = liquid Reynolds number
equal to W/p

Nre, = gas Reynolds number equal
to W,/u,

P = pressure

u = gas velocity

u® = friction velocity equal to {r,/
p)* or (r./p)"

Au = displacement of the velocity
profile plot due to surface
roughness

w = weight rate of flow of the
liquid

W, = weight rate of flow of the
gas

x = distance in the direction of
flow

y = distance from the top wall or

from the liquid-gas interface

Greek Letters

" = liquid viscosity

My = gas viscosity

v = kinematic viscosity of the
liquid

v, = kinematic viscosity of the
gas

o = interfacial tension

stress at the interface
stress at the top wall of the
channel
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